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I ,  SCOPE OF PROBLEU 

I n  t h e  s t r e s s  a n a l y s i s  of p l a t e s  i n  s h e a r  t h e  Cl.eter- 
m i n a t i o n  of t h e  c r i t i c a l  siiear l o a d ,  i , e . ,  t h e  l o a d  at  
which an o r i g i n a l l y  f l a t  p l a t e  b e g i n s  t o  b u c k l o ,  i s  o f  
p r imary  s i g n i f i c a n c e ,  because when t h i s  l o a d  i s  exceeded 
t h e  p l a t e  'Dresks o r  a t  l e a s t  assumes a d i f f e r e n t  s t r e s s  
a t t i t u 3 e  ( i f  t h e  p l a t e  i s  ve ry  t h i n ) ,  Tlse a n a l y t i c a l  meth- 
od developed  by Timoschenko** and R e i s m o r * * *  f o r  t h e  c r f t -  
i c a l  l o a d  i n  shea r  k a s  been ex tended  t o  i n c l u d e  t h e  o r thog-  
o n a l - a n i  s o  t r opi  o ( o r t h o  t r o p i c )  p l a t e .  * * * * 

The p r e m i s e s  f o r  t h e  s o l u t i o n  of t i le problem a r e :  
The p e r f e c t l y  f l a t ,  r e c t a n g u l a r ,  t h i n ,  iioEogeneous p l a t e  
of c o n s t a n t  thickrness i s  suppor t ed  a t  tlie e d g e s  wi thou t  
b e i n g  r e s t r a i n e d .  The edge s u p p o r t s  a r e  r i g i d  2nd t h e  con- 
n e c t i o n  o f  t h e  p l a t e  w i t h  t h e  edge sup-oorts i s  such  t h a t  
t h o  p l a t e  a l o n g  t h e  f o u r  bounda.ry l i n e s  cannot  bend out o f  
i t s  p l a n e ,  A l o n z  t h e  f o u r  ed.ges t n e  evenly  divi3ed. ,  siiear 
l o a d  t o f  c o n s t a n t  i n t e n s i t y ,  i s  a p p l i e d ,  which i s  i n  
o u t s i d e  e q u i l i b r i u m  and which, p rov ided  t h e  shea r  i s  s o  
s m a l l  t h a t  t h e  p l a t e  remains  f l a t ,  impresses  t h e  same s h e a r  
s t r e s s  i n  t h e  e n t i r e  p l a n e  of t h e  p l a t e .  (See f i g .  1,) 

I n  view o f  t h o  u s e  o f  ;plymood p l a t e s  and c o r r u g a t e d  
m e t a l  s t r i p  o r  o t h o r  s i i n i l a r l y  s t i f f e n e d  p l a t e s ,  we s h a l l  

------_- ---I------- - - -- 
n *IlAusbeul-Schublast  r o c h t e c k i c e r  P l ? t . t . e r .  Z.P.X., __ 4 -I-. v v  

r u a r y  1 4 ,  1 9 3 3 ,  pp,, , '78-33. 

Z e i t s c n r i f t  !:Der E i s e n b a n , l l  V o l .  1 2 ,  Nos. 5 and 6 ,  1 9 2 1 ,  
**TimoschenBo: "Uber d i e  S t a b i l i t ; . t  v c r s t e i f t e r  Pl.at ' ion.l l  

pp. 147-163. It 
***Bcrgmann and Rei ssner: IIUber d i o  Xnickung von r o c h t -  

e c k i g e n  P l a t t e n  b e i  S~r!hllh'nAang?rll"1?ll-T1~. 11 z - 3  , Yc:. 2 2 ,  

****'IUber das Ausbonlen von r e c h t e c k i g e n ,  i s o t r o p o n  oder  
0 r t h o  g o :I a1 - an  i s o t r op en P 1 at t en b e i S c hu3 b e an sp r u c  liuii g . 
(To be  p u b l i s h e d  i n  Ingen ieu r -Arch iv ,  1933,) 

r. 

NO. l h  1 9 3 2 ,  pp. 6-12, 
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t r e a t  n o t  on ly  t h c  i s o t r o p i c  but a l so  t h o  o r t h o t r o p i c  p l a t e  
i n  which t h e  r i g i d i t y  i n  t w o  d - i r o c t i o s s  at r i g k t  a n g l e s  t o  
each  otlrer i s  d i f f e r o a t .  Her---- l u L L A  i t  i s  assamed that t 7 l o s e  
two d i r o c t i o n s  (which, f o r  iDs ta i l ce ,  i n  tl10 l emina tod  p l a t e  - 
corrospond w i t h  tho  d i r o c t i o i i  o f  t h e  f i b o r s  i n  t h o  o u t o r  
and i n n e r  p l i e s )  are p a r a l l e l  t o  t h e  ? l a t e  edges. 

11. FORMULAS FOR CALCULATING THE CRITICAL LOAD 

IhT SHEAR OF RECTANGULSX PLATES 

1, I s o t r o p i c  P l a t e  

Let a b e  t h e  l o n g  s ide  of t h e  r e c t a n g u l a r  p l a t e ,  
b, t h e  s h o r t  s i d e ,  and 6 t h e  t h i c k n e s s .  h4aterictl prop-  
e r t i e s  as f a r  as they  e n t e r  i n t o  t h e  d i s c u s s i o n  a r e  cha r -  
a c t e r i z e d  by t h e  e l a s t i c i t y  modulus E and t h e  t r a a s v e r s e  
e l o n g a t i o n  f i g u r e  ( P o i s s o n ’ s  c o n s t a n t )  u . Then t h e  p l a t e  
s t i f f i l e s s  i s  

aiid tko c r i t i c a l  shoar l o a d  i s :  
-n 

w i t h  ca as a c o e f f i c i e n t  c o n t i n g e n t  upon a s p e c t  r a t i o  

= b / a  t o  be  r e a d  f r o m  f i g u r e  2 ,  F o r  t h e  i n f i n i t e l y  l o n g  
p l a t e  ( e  = 0 ) ,  C a  = 13.2 ( o r  more e x a c t ,  13.165); f o r  t h e  
square  p l a t e  ( p  = 1 )  i t  i s  C a  = 23.0; f o r  o t h e r  a s p e c t  ra- 
t i o s  p, C a  l i e s  between t h e s e  t w o  limits. 

2 0 r t ii o g o  n a1 -BE i s o  t r op i c P1 r?. t e 

Assume a and b a r e  t h e  t w o  s i d e s  o f  t h e  r e c t a n g u -  
l a r ,  o r t h o g o n a l - a n i s o t r o p i c  p l a t e  and 6 t he  p l a t e  t h i c k -  
ness; f u r t h e r ,  l e t  t h e  d i r e c t i o n  o f  s i d e  a be c a l l e d  X 
d i r e c t i o n ,  and  t h a t  of s i d e  b, y d i r e c t i o i i .  ( S c o  Tig .  1.) 

. 

ivhereas t h e  d e t e r m i n s t i o n  of t h e  e l a s t i c  f o r m  changes  
i n  tho  i s o t r o p i c  p l a t e  ca:q be  e f f e c t e d  w i t h  t h e  d a t a  011 E 
a;id U ,  i t  r e q u i r e s  i n  t h e  c a s e  o f  t h o  o r t h o t r o p i c  p l a t e  
t h e  d a t a  on E and v f o r  the d i r e c t i o n s  g i v e n  by the o r -  
t h o t r o p i c  a c i s o t r o p y  and i n  a d d i t i o n  t h e  d a t a  on s h e a r  mod- 
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u l u s .  B o t h  E and V a r e  a d m i t t e d l y  dependent  on each  
o t h e r ,  so t h a t  one of t h e s e  four  qua i l t i t i es  i s  a l r e a d y  
d e f i n e d  by t h e  t h r e e  o t 3 e r s .  

If Ex i s  t h e  e l a s t i c i t y  modulus f o r  l e n g t h  changes  
o f  t h e  f i b e r s  i n  t h e  x d i r e c t i o n  and g X  t h e  cor respond-  
i n g  t r a n s v e r s e  e l o n g a t i o n  f a c t o r ,  ax5 f: .zrther,  i f  E7 i s  
t h e  e l a s t i c i t y  modulus f o r  l e n g t h  changes of  f i b e r s  I n  t h e  
y d i r e c t i o n  and Vy t h e  co r re spond ing  t r a n s v e r s e  e longa -  
t i o n  f a c t o r ,  we have:* 

Now l e t  G bo t h e  s h e a r  modulus. 

Thei1 t h e  s t i f f n o s s  p e r  u n i t  l e n g t h  i s :  

J f l e x u r a l  s t i f f n e s s  i n  x d i r e c t i o n  
(EJ )x  = Ex 5 l ( b y  f l e x u r e  a b o u t  y a x i s )  

63 63 ', 4(GJ),y = 46 -- t o r s i o n a l  s t i f f n e s s  (= G - 
1 2  3 , '  

Then we compute 

(EJ) 
1 - L'x vy D, = 

1 D3 : ( r e c i p r o c a l  c r i t e r i o n  of t h e  o r tho -  

1 If = 1, we compute 
U 

------ I_-------.-- ---. 
* L u f t f a . h r t f o r s c h u n g ,  V o l ,  8 ,  i J0 .  3 ,  p .  '78, o r  D.V.L.  Year- 
book, 1930, p .  242. 
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Then t h e  c r i t i c a l  s h e a r  l o a d  i s :  

The ca f a c t o r  i n  t h i s  f o r m u l a ,  i s  depend-ont on pa 
and l / a  and may be talcen f r o n  f i g u r e  3.+* 

and. t h e  c r i t i c a l  shear l o a d  i s :  

The d e f i n i t i o n  o f  Cb, which o c c x r s  i n  t h i s  f o r m u l a ,  
i s  e x p l a i n e d  ir, s e c t i o n  I V  of t h e  r e p o r t  c i t e d  i n  f o o t n o t e  
* * * *  ( f i r s t  page) .  

' I  

P l a t e s  w i t h  e v e n l y  d i s p o s e d  r e e n f o r c e m e n t s  can ,  u n l e s s  
tLne spac ing  i s  unduly  g r e r . t ,  bo a;J.;3roxirnzi,ted as honogeneous 
o r t h o t r o p i c  p l a t e s  and ( E J ) , ,  (EJ)y, and 4(GJ),y are t h e n  
expres sed  by mean v a l u e s .  The method oI' computing t h i s  
s t i f f n e s s ,  say, f o r  c o r r u g a t e d  m e t a l  s h e e t ,  has beon de- 
s c r i b e d  i n  D.V.L.  r e p o r t  110. 230, " C o l u m n  T e s t s  i n  Shear  
w i t h  Cor;-ugated Netal Shee t . "  ( 3 , V . L .  Yearbook, 1 9 3 1 ,  pp. 
233-245.) 

* I f  p a  should y i o l d  a f i g u r o  g r e a t e r  t h a n  1, t h e  no ta -  
t i o n s  f o r  t h e  t w o  r e c t a n g u l a r  s i d e s  should  be exchanged, 
ice., i f  t h e  l o n g e r  s i d e  was dono ted  by a, i t  should t h e n  
be changed t o  b and v i c e  versa , .  The Sam a:opl ies ,  of 
c o u r s e ,  t o  D, and D 2 .  O r d i n a r i l y  tile l o n g  s i d e  i s  c a l l o d  
a ,  and t i le s h o r t  s i d e  b,  but i t  may happen tha t  t h e  s t i f f -  
ness i n  d i r o c t i o n  of t h o  l o n g  s i d e  oxcecds t h a t  i n  d i r e c -  
t i o n  of t h o  s i io r t  side, i n  which c a s 0  tnon  tho s w i t c h  m u s t  
bo ma.de. 
**In t h i s  dia::ram w e  chose  tile r e c i p r o c a l  c r i t e r i o n  
i n  p r e f e r e n c e  t o  9 as p a r a m e t e r ,  t o  e n s u r e  l i n e a r  i n t e r -  
p o l a t i o n  f o r  any c r i t e r i a  ( x i t h i n  r a n g e  o f  1 2 *> 4 0 0 ) .  

The curves  ca ( fa )  were o b t a i n e d  by an  a s p r o x i m a t i o n  
method, (See 9oot:iote * ' p * *  ( f i r s t  page . )  Al though i t  i s  
l i k e l y  t ha t  t h e  s o  c a l c u l a t e d  c, v a l u e s  d o  n o t  s u b s t a n t i a l -  
l y  d e v i a t e  f r o n  t h e  e x a c t  v a l u e s .  

1/19 



1, Example: 

Duralumin p l a t e ,  0.2 am t h i c k .  

E = 7.5 X lo5 kg/cn2 U = 0.25 

a) Dimensions: l e n g t h  45 cm, wid th  1 5  c m  

E - - -  7.5 i o 5  oeo23-- 0.533 kg/cm E =  
1 2  (1 - u") 1 2  (1 - 0.252)  

For  @ = = 15 = 0,333,  f i g u r e  2 g i v e s :  
a 45 

C a  = 14.3 ,  

t h a t  is, a c r i t i c a l  s h e a r  l o a d  of 

O., 533 1 4 . 3  X -*-$ 
- D tl,, - ca --- = 

(b/2I2 7.5 

5 

= 0,136. kg/cm 

b) For an  i d e n t i c a l  bu t  s q u a r e  p l a t e  h a v i n g  sid.es 
a = b = 1 5  clil (ice., f3 = I), w e  have :  

ca  = 23.0 

and con sequen t  l y , 
tkr  = 23.0 X 533 = 0.218 kg,/cn 

f . 9  

O r t h o t r o p i c  P l a t e  

2. Exgmple; 

Plywood p l a t e ,  2 m a  t h i c k .  The e l a s t i c i t y  inodulils* 
- ~-~ - _ _  

* m.l- - 
I'..IU e l a s t f c i t g  f a c t o r s  r e a l l y  shou ld  be d e t s r z i i n e d  bg 

f l e x u r e  and t o r s i o n  t e s t s .  See H e r t e l l s  r e p o r t  on the 
s h e a r  moduli  o f  lari i inated and p l y  wood, D.V.L. Yearbook, 
1932, 111, pp. 43-52. 
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i n  t h e  d i r e c t i o n  of t h e  ,:rain ( i . e . ,  o f  t h a t  of t h e  o u t e r  
p l y )  i s  assuined at 150,000 kg/cm2, the cor re spond ing  
t r a n s v e r s e  e l o n g a t i o n  f a c t o r  at  0.4, t h e  e l a s t i c i t y  modu- 
l u s  a c r o s s  t h e  g r a i n  ( i , e . ,  o-r’ t h a t  of t h e  i c s i d e  p l y )  on- 
l y  15 ,000  kg/cm2 (= one- ten th  of 150 ,000) ,  t h e  correspond-  
i n g  t r a n s v e r s e  e l o n g a t i o n  f a c t o r  l i k o w i s o  0.04 ( i . e . ,  one- 
t e n t h  o f  0,4), and t h e  shea r  uiodulus G = 10 ,000  kg/crn”’. 

a) Dirnonsions of p l n t o :  40 by 60 cm; d i roc t io l z  of 
g r a i n  p a r a l l o l  t o  s h o r t  (40 cm) s i d o .  

a = 60 cm E~ = 15,000 kg/cma V x  = 0.04 

b = 4 G  Ey = 150,000 It ~y = 0.4 

0 = 10,090 ‘I 

O 23 - 0.667 X C I T ~ ~ ,  
J = - z d -  63 

1 2  1 2  

J = 1 5 , 2 5 0  J kg/cm2, 15000 
1 - ux vy 0,984 

J =  EX 
D1 = 

J = 152 ,500  J kg/cmZ = i o  D,, E 150000 
0.984 

Dz = --x- J z= 

Y l - V , V  

D3 = v y  D1 f 2 G J = (6 ,100  f 2 X 10,000)  J=26,109 J kg/cm2, 

26100 
.”--I_ 

15250 
T= 0.54, 

rc- = 11  ~R . - -  t.. = r! 

b )  N o w  assume tha t  tile plywood p l a t e  i s  divided.  i n t o  
f o u r  equal  p a r t s  by t h r e o  s t r i p s  runn ing  I n  t h e  d . i r e c t i o u  
o f  t h e  side, v.rliic;i i r ;  40 013 long ( t k i o  r,L>Jft s i d e ) ,  These 
s t i f f e n i i l g  s t r i p s  (8s W O Z ~  as t h e  edges)  s h a l l  be S O  s t i f f  
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as t o  p r e v e n t  bending o u t  of the p l a n e  of t h o  p l a t s  when 
t i e  l a t t e r  buck le s ;  t h e  p l a t e  t o  bc suppor tod  without  f i x -  
i t y  at t h e  s t i f f e n i n g  s t r i p s  as w e l l  as at the  edgos. Tho 
g r a i n  t o  run  p a r a l l e l  t o  t h e  long  (40 c m )  sid.e. 

- -  0.54 (unchanged) Q 

According t o  f i g u r e  3: 

t k r  - - 4.35 kg/cm 

The s t i f f e n i n g  s t r i p s ’  r a i s e  t h e  c r i t i c a l  shea r  load 
approximate ly  2.6 t imes .  . 

c)  The .same exarnple as a), bu t  w i t h  g r a i n  running  
p a r a l l e l  t o  the 60 cm s i d e .  

Ex and Ey (DI and D2) would then have t o  be swi t ched ,  
bu t  then  Pa > 1, so  we p u t  

0.842 $ a - - - =  - 60 1 
40 

According t o  f i g u r e  3: ca = 15.4 

t k r  = 0.98 kg/cm 

I n  t h i s  case t h e  c r i t i c a l  shea r  l o a d  amounts t o  0.58 
of t h e  v a l u e  of example a). 

a)  The same example as b ) ,  but g r a i n  aG i n  example c )  
p a r a l l e l .  t o  15 cm ( r e s p e c t i v e l y ,  60 cm) s ide.  
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tkr = 11.5 kg/cm 

Vith t h e  g r a i n  runn ing  i n  t h i s  d i r e c t i o n ,  t h e  s t i f f e n -  
ing strips augment t h e  c r i t i c a l  s h e a r  l o a d  approx ima te ly  
11.7 t i m e s ,  by changing  t h e  d i r e c t i o n  o f  t h e  .:rain a g a i n s t  
example b) t o  about 2.6 t imes.  

3. Example: 

Sqna re ,  c o r r u g a t e d  dura lumin  s t r i p :  a = b = 9 0  crn 
E l a s t i c i t y  modulus of s t r i p :  
T r a n s v e r s e  e l o r e s t i o n :  'J = 0.25 
Cross  s e c t i o n  o f  c o r r u g a t e d  s h e e t :  2 2  = 3.0 cm 

(.lengtk of 

2f = 0.915 cm 
( h e i g h t  o f  

Thi ckn e s s : 6 = 0.039 cm 

E = 750,009 Irg/cn2 

c o r r u g a t i o n )  

c o r r u g a t i o n )  

Agplying tho  I'ormulns z iveu  i l l  r e p o r t  P o .  280 of  t h e  
D.P.L. Yearbook, 1931 ,  pp. 233-245 ( t a b l e  I1 and f i g u r e s  
5 and 6 ) ,  w e  f i n d :  

D, = 3.27 kg/cm 

D~ = 3 , 7 9 0  kg/cm 

D, = 3.585 kg/cm 

~ 

4/ 3.27 / --.- 0.171 3 0  
90 2 3'790 

- 
Pa - -- 
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c-  = 8.3 
u 

= 2.7 kg/cm 
4m? X 3?903 

452 t k r  = 8.3 

Although t h e  p l a t e  i s  square  t h e  c o e f f i c i e n t  c i s  9 on ly  abou t  2 p e r c e n t  h i g h e r  t han  C a  = 8.125 r e s u l t i n g  
f o r  an  i n f i n i t e l y  l o n g  o r t h o t r o p i c  p l a t e  (pa = 0) w i t h  
9 =a. 

IV. EXPERIMEUTAL DATA 

A t  t h e  recommendation of and i n  c o l l a b o r a t i o n  w i t h  
P r o f e s s o r  R e i s s n e r ,  we made a s e r i e s  of s h e a r  t e s t s  on 
t h i n  Ouralumin s h e e t s  ( o c c a s i o n a l l y  a l s o  with p l a t e s  o f  
German s i l v e r ,  t i n  and c e l l u l o i d ) ,  in which t h e  t h e o r e t i -  
c a l  a s sumpt ions  were t o  be f u l l y  c o r r o b o r a t e d .  I n  o r d e r  
t o  e n s u r e  a f r e e  edge suppor t  i n  t h e  exper iment  t h e  ho r i -  
z o n t a l l y  r i g g e d  up p l a t e  was r e s t r a i n e d  on t o p  and bot tom 
s i d e  by k n i f e - l i k e  edge rails .  These ra i l s  formed a r e c -  
t a n g l e ,  one s i d e  of which was 1 5  cm l o n g ,  whereas  t h e  
o t h e r  s i d e  w a s  1, 2, and 3 t imes  as long .  The t e s t  p l a t e  
i t s e l f  w a s  s l i g h t l y  g r e a t e r  t h a n  t h e  r e c t a n g l e  formed by 
t h e  r a i l s ,  e x t e n d i n g  about 1.5 cm beyond each  s i d e .  About 
0.5 cm d i s t a n t  and p a r a l l e l  t o  t h e  r a i l s  w e  r i g g e d  up f o u r  
l o a d i n g  r a i l s  h inged  by b o l t s  and p r o v i d e d  w i t h  p i n s ,  
spaced abou t  1.4 cm, which f i t t e d  t h e  c o r r e s p o n d i n g  h o l e s  
on t h e  t e s t  p l a t e .  The l o a d s  which were m u t u a l l y  i n  equi -  
l i b r i u m  were a p p l i e d  a t  t w o  d i a g o n a l l y  o p 3 o s i t e  b o l t s  o f  
t h e  h inged  quadrang le ,  through which t h e  l o a d i n g  evenly  
d i s t r i b u t e d ,  was i n i t i a t e d  i n  t h e  t e s t  p l a t e .  I n  o r d e r  
t o  d i s t u r b  as l i t t l e  as p o s s i b l e  t h e  i r r e g u l a r  e l o n g a t i o n s  
normal t o  t h e  edge which r e s u l t  f r o m  b u c k l i n g ,  t h e  h o l e s  
i n  t h e  p l a t e s  were e longa ted .  

The buck l ing  was r eco rded  by a Z e i s s  d i a l  gage. S i n c e  
- - - ___ -_---- _-I---c1 ---- --- ----.----------_I_-- 

NOTE.- The m e t r i c  v a l u e s  used i n  t h i s  T.li.  can be conve r t -  
ed t o  the Fng l i s i i  u n i t s  by i1se of t h e  f o l l o w i n g  
c o n v e r s i o n  f a c t o r s .  

xum X ,03937 = i n .  

c m 3  x .@51023 = cu.111. 
kg i( 2.20462 = l b .  
~cg/cn x 5.53977 = 1 b . j i n .  
kg/cr?12 X 14.2235 = l b . / sq . in .  

I2111 x . 3 3 3 7  = iii. 

I'; 
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tiie p r e s s u r e  e x e r t e d  by t he  s p r i n g  i n s i d e  of t h e  clockrrork 
would s i g n i f y  a minor but s t i l l  a 2 p r o c i a b l e  bending  l o a d  
on t h e  t e s t  p l a t e ,  t h e  s p r i n g  t e n s i o n  w a s  s o  ba l anced  that  
tiie t i p  o f  t h e  d i a l  gage ,  ic:ice t h e  p o i n t e r  Zn eve ry  p o s i -  
t i o n  which t h e  t i p  assumed, s t o o d  s t i l l  owing t o  t h e  i n -  
t e r n a l  f r i c t i o n  of t h e  A i d  c a g e ,  bu t  upon s l i g h t l y  tap-  
p i n g ,  moved a l i t t l e  i n  t 3 e  s e n s e  of t h e  s p r i n g  f o r c e  e f -  
f e c t .  P r i o r  t o  each  r e a d i n g  t h e  t i p  w a s  f i r s t  s e t  s l i g h t -  
l y  lower t h a n  t h e  t e s t  p o i n t  (me ta l  p l a t e ) ,  t h e n  t h e  t a p -  
p i n g  w i t s  con t inued  u n t i l  t h e  t i p  touched t h e  t e s t  p o i n t .  
This  c o n t a c t  was r e c o r d e d  by a c i r c u i t  and a ga lvanometer  
d e f l e c t i o n .  

To i l l u s t r a t e  t h e  t e s t  r e s u l t s  t h e  d e f l e c t i o n s  05 t h e  
p l a t e  a t  a t e s t  p o i n t  (a p o i n t  a t  which a maximzn buck- 
l i n g  was a n t i c i p a t e d ,  g e n e r a l l y  i n  t h e  p l a t e  c e n t e r )  were 
p l o t t e d  a g a i n s t  t h e  p r o g r e s s i v e l y  i n c r e a s e d  l o a d i n g s .  I n  
a d d i t i o n  we p l o t t e d  c o n t o u r - l i n e  c h a r t s  based  upon ti ie r e a d -  
i n g s  of a g r e a t e r  number of t e s t  s t a t i o n s  f o r  each  l a n d  
s t a g e ,  which brought  out t h e  d i f f e r e n c e s  i n  t h e  b u c k l i n g  
at d i f f e r e n t  l o a d  s t a g e s  ( g e n e r a l l y  t h e  d i f f e r e n c e s  between 
a l o a d  beyond t h e  t h e o r e t i c a l  b u c k l i n g  l o a d  and z e r o  o r  
v e r y  small l oad ) .  

T h e o r e t i c a l l y  t h e  a s p e c t  o f  b u c k l i n g  a t  a t e s t  p o i n t  
when shown v e r s u s  t h e  l o a d  should  be as t h e  dot -dash  l i n e  
i n  f i g u r e  4. There i s  no s i g n  of b u c k l i n g  as t h e  load i n -  
c r e a s e s  t i l l  t h e  c r i t i c a l  l o a d  i s  reached .  Then b u c k l i n g  
o c c u r s  sudden ly ,  i . e . ,  t h e  cu rve  shou ld  at i t s  s t a r t  (on 
t h e  a b s c i s s a  a x i s )  have a t a n g e n t  p e r p e n d i c u l a r  t o  t h e  ab- 
s c i s s a  ax is .  The expe r imen t s  f a i l e d  t o  r e v e a l  such a 
cu rve  as  shomc i 3  f i g u r o s  4 t o  7. Even t h e  measured con- 
tour maps ( f i g s .  8 t o  10) shorn a n o t  u n s u b s t a n t i a l  d i s -  
crepancy €rea t h o s e  o b t a i n e d  a c c o r d i n g  t o  t h e  theo ry .*  
S a i d  d i s c r g p a n c i e s  i n  t h e o r y  and t e s t  r e v e a l  t h a t  t h e  the -  
o r e t i c a l  aqsumptions were n o t  f u l l y  complied w i t h  i n  t h e  
experiment  7.  
even v e r y  giaall  i n i t i a l  b u c k l e s  a p p e a r s  p e r c e p t i b l e ,  which 
could  n o t  be  a l t o g e t h e r  avoided.  

I n  p a r t i c u l a r ,  i n  t h e  t e s t s  t h e  e f f e c t  of  

*The t h e o r e t i c a l  b u c k l i n g  a , reas  f o r  p l a t e s  of  1:1, 1 : 2 ,  
and  1:3 a s p e c t  r a t i o  a r e  g iven  i n  r 'eport c i t e d  i n  f o o t -  
n o t e  * * *  ( f i r s t  p a g e ) .  Subsequent  buO more a c c u r a t e  ca l -  
c u l a t i o n s  r e v e a l e d  t h a t  t h e  j o i n t s  (m -- 0 )  of t h e  buck- 
l i n g  s u r f a c e s  should  Lave, m:iere t h e y  go o v e r  i n t o  t h e  
edge l i n e s ,  t a n g e n t s  a t  r i g h t  a n g l e s  t a  them. 
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We l i k e w i s e  experimented with c o r r u g a t e d  me ta l  p l a t e s  
which, w i t h  c e r t a i n  approximat ion ,  may be c o n s i d e r e d  as 
o r t h o t r o p i c  p l a t e s .  S e v e r a l  of t h e s e  t e s t s  a r e  d e s c r i b e d  
i n  the  r e p o r t  c i t e d ,  ETo, 230, D . V . L .  Yearbook, 1931, pp, 
233-245; o t h e r  similar t e s t s ,  n o t  touched upon i n  t h i s  r e -  
p o r t ,  y ie lded-  s u b s t a n t i a l l y  tne  same r e s u l t s .  In t h e s o  
expe r imen t s  made i n  connec t ion  w i t h  t h e  t h e o r e t i c a l  treat- 
ment of i n f i n i t e 1  l o n g  o r t h o t r o p i c  p l a t e  s t r i p  t h e  v a l u e  
f o r  pa = b / s J S ; . h -  l i e s  between 0.034 and 0,072. The 
v a l i d i t y ,  surmised at t h a t  time on t h e  basis  of simple 
c o n s i d e r a t i o n s ,  t o  i n t r o d u c e  t h e  v a l u e  c, f o r  such small 
pa as a f f o r d e d  by pa = 0 ( i n f i n i t e l y  l o n g  p l a t o )  i s  now 
proved by t h e  ca (pa) curve  i n  f i g u r e  3, at l e a s t  f o r  
t h e  f r e e l y  supportod p l a t e .  Admit tedly t h e  p l a t e  odgos 
i n  t h e s e  t e s t a  were ( a l m o s t  r i g i d l y )  r e s t r a i n e d  ( d i v e r g e n t  
f r o m  the  problem t r e a t e d  i n  the  p r o s e n t  r e p o r t ) .  

The set-up f o r  t h e s e  exper iments  w i t h  one or t w o  
squa re  c o r r u g a t e d  duralumin s h e e t s  was somewhat d i f f e r -  
en t .  The s i d e s  o f  t h e  s h e e t s  mere 90 cm long .  The s h e e t s  
c o n s i s t e d  o f  t h r e e  s t r i p s  r i v e t e d  t o g e t h e r  and had ( a p a r t  
f r o m  s l i g h t  d e v i a t i o n s  d e f i n a b l e  on ly  by t h e  m o s t  a c c u r a t e  
measuremont) tile same, s e c t i o n a l  dimensions.  Four duralu- 
min t u b e s  formed t h e  four edges,  t o  which, on each  s i d e ,  
a s h e e t  w a s  r i v e t e d .  In order  t o  i n i t i a t e  t h o  shear  more 
even ly  th rough  t h e  i n d i v i d u a l  r i v e t s  i n t o  t h e  s h e e t s ,  t h e  
r e s u l t a n t  l oad  a l l o c a t e d  t o  each edge suppor t  w a s  a p p l i e d  
i n  the c e n t e r  ( i n s t e a d  o f  at the  end) .  

The r i v e t i n g  o f  t h e  co r ruga ted  shee t  p roduces  an elas- 
t i c  r e s t r a i n t  on t h e  edge s u p p o r t s ,  which, compared t o  the 
f r e e  s u p p o r t ,  e f f e c t s  an upward s h i f t  i n  c r i t i c a l  l oad .  
'Phe b u c k l i n g  a t  d i f f e r e n t  p o i n t s  was measured i n  t h e  me- 
d i a n  l i n e  o f  t h e  s h e e t  p e r p e n d i c u l a r  t o  t h e  d i r e c t i o n  of 
t h e  wavo r i d g e .  iVhereas t h e  m a j o r i t y  of p o i n t s  r e v e a l e d  
f r o m  t h e  s tar t  c e r t a i n  buck l ing ,  a t  f i r s t  g r a d u a l ,  t hen  i n -  
c r e a s i n g ,  t h e  cour se  o f  buck l ing  at  one  point, v e r s u s  t h e  
l o a d ,  cor responded throughout  t o  t h e  c o u r s e  a n t i c i p a t e d  
by t h e  theory, as shown i n  f i g u r e  11. The c r i t i c a l  l o a d  
must l i e  between t h e  f i g u r e s  for f r e e  edge suppor t  and 
t h o s e  f o r  r i g i d  r e s t r a i n t .  (The v a l u e  f o r  r i g i d  r e s t r a i n t  
i n  t h e  f i g u r e  co r re sponds  t o  t h a t  fop t h e  i n f i n i t e l y  l o n g  
p l a t e ,  b u t  might  5 e  on ly  s l i g h t l y  t o o  slnall t o r  t ne  t e s t  
s h e e t ,  because  pa = 0,171.) 

l i n g  up t o  a c e r t a l n  l o a d  ( c r i t i c a l  shear  l o a d ) .  This 
The f i r s t  t e s t  a c t u a l l y  r g v e a l e d  n o  e p p r e c i a b l e  buck- 
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c r i t i c a l  l o a d  l i e s  i n  t h e  zone imposed by t h e  e l a s t i c  
edge r e s t r a i n t .  Only minor permaxent f o r m  changes  r e -  
mained a f t e r  u n l o a d i n g ,  which, however,  e f f e c t e d  c e r t a i n  
d e v i a t i o n s  i n  the c o u r s e  o f  t h e  c u r v e  when t h e  exper iment  
w a s  r e p e a t e d  (as l i k e w i s e  a n t i c i p a t e d ,  a c c o r d i n g  t o  theo-  
r e t i c a l  c o n s i d e r a t i o n s )  . When r e p e a t e d  a f t e r  h a v i n g  been 
p r e v i o u s l y  unloaded ,  t h i s  d e v i a t i o n  became s t i l l  g r e a t e r .  
The s h e e t  f a i l e d  at 2.3 t imes  t h e  b u c k l i n g  l o a d ,  which 
w a s  de t e rmined  f r o m  t h e  c o u r s e  of t h i s  cx rve .  

V. SUMMARY AND REFEREXCE T O  

TXE PRACTICAL ASPECT OF THE PROBLEY 

The r e p o r t  adduces  f o r m u l a s  f o r  a n a l y z i n g  t h e  c r i t i c a l  
s h e a r  l o a d  of a . s i m p l y  suppor t ed  s q u a r e ,  i s o t r o p i c ,  o r  o r =  
thogonal  a n i s o t r o p i c  p l a t e .  Although a r r i v e d  at  by approx-  
ima t ion  method, t h e s e  formulas shou ld  n e v e r t h e l e s s  be a m -  
p l y  a c c u r a t e  f o r  p r a c t i c a l  p u r p o s e s ,  e s p e c i a l l y  s i n c e  t h e  
p remises  o f  t h e  t h e o r y  ( u n r e s t r a i n e d  suppor t  a t  t h e  e d g e s ,  
p e r f e c t l y  f l a t  p l a t e )  neve r  a r e  p r e c i s o l y  f u l f i l l e d .  The 
expe r imen ta l  d a t a  r e v e a l  t h a t  i n  v e r y  t h i n  p l a t e s  t h e  d i s -  
t u r b i n g  e f f e c t  o f  i n c i p i e n t  b u c k l i n g  i a  q u i t e  c o n s i d e r a b l e .  

If t h e  p l a t e s  a r e  v e r y  l o n g ,  r i g i d  edge r e s t r a i n t  can 
a l s o  be t aken  i n t o  c o n s i d e r a t i 0 n . b ~  means of t h e  f o r m u l a s  
g iven  i n  t h e  D.V.L. Yearbook f o r  1930, p. 237. 

Tho i n t c r p r e t a t i o n  o f  t h o  s t r e n g t h  of a p l a t o  i n  s h e a r  
acco rd ing  t o  t h e  r a t i o  of p l s . t o  t h i c k n o s s  t o  p l a t e  w i d t h  
w i t h  a v iew t o  t h e  problom i n  p o i n t  h e r e  can be e f f e c t e d  
f o r  t h r e e  c a s e s :  

1) T h a t  t h e  p l a t e  i s  s o  t h i c k  tha. t  f a i l u r e  o c c u r s  
by exceeding  t h e  s h e a r  s t r e n g t h ,  w h i l e  t h e  p l a t e  r ema ins  
f l a t  wi thou t  s i g n s  o f  b u c k l i n g ;  

2 )  That t h e  ( p u r e  s h e a r )  s t r e s s e s  i n  n t h i n  p l a t e  
up t o  a t t a i n m e n t  of c r i t i c a l  s h e a r  l o a d  a r e  r e l a t i v e l y  l o w .  
Owing t o  t h e  b u c k l i n g ,  homever, due t o  t h i s  l o a d ,  r q i d l y  
i n c r e a s i n g  f l e x u r a l  s t r e s s e s  a re  induced  which may a f t e r  
exceeding  t h e  c r i t i c a l  l o a d  l o a d  t o  f a i l u r e  of t h e  p l a t e ;  
i n  which c a s e ,  t h e  c r i t i c a l  l o a d  i s  of p r i m a r y  s i g n i f i -  
cance f o r  t h e  s t r e n g t h .  

3)  That t h e  f l e x u r a l  s t r e s s e s  contemporary  w i t h  t h e  
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b u c k l i n g  a r e  compara t ive ly  l o w  i n  v e r y  t h i n  p l a t e s ,  such 
as used  i n  a i rc raf t  c o n s t r u c t i o n ;  t h a t  t hey  remain  ( a p a r t  
from h a r n l e s s  p u r e l y  l o c a l  excesses )  b e l o w  t h o  y i e l d  l i m -  
i t ,  so  t h a t ,  f i n a l l y ,  t h e  b reak  o c c u r s  by exceed ing  t h e  
t e n s i l e  s t r e n g t h  a f t e r  forming t h e  Vagner t e n s i o n  diago-  
n a l  f i e l d .  S t a r t i n g  w i t h  t h e  c r i t i c a l  l o a d  t h e  e l a s t i c  
f o r m  changes  o c c u r r i n g  i n  the  s e n s e  of t h e  a p p l i e d  l o a d s ,  
i a c r e a s e  i n  S r e a t e r  measure than  b e f o r e ,  O the rwise ,  t h e  
c r i t i c a l  l o a d  has no s i g n i f i c a n c e  f o r  t h e  e v a l u a t i o n  o f  
t h e  s t r e n g t h .  

A d a i t t e d l y ,  no s h a r p  l i n o  can  be drawn between c a s e s  
2 and 3. For  t h e  b a r  s t r e s s e d  i n  compress ion ,  c a s e  2 i s  
i d e n t i c a l  w i t h  t h e  E u l e r  l o a d  (column f a i l u r e ) ,  c a s e  1, 
w i t h  a s h o r t  t h i c k  colurm which f a i l s  b e f o r e  r e a c h i n g  t h e  
s t a b i l i t y  l i m i t  by exceeding  t h e  compress ive  s t r e n g t h  o f  
t h e  ma te r i a l ,  and c a s e  3, w i t h  a v e r y  s l e n d e r  b a r  which 
can be l o a d e d  u n t i l  b o t h  ends meet and even ex tend  beyond 
wi thou t  i n d u c i n g  permznent  form changes ,  a l t h o u g h  t h i s  
c a s e  is o f  s c s r c a l y  any p r a c t i c a l  impor t  f o r  t h e  compressed 
bar ,  i n  c o n t r n s t  t o  the p l a t e  s t r e s s e d  i n  shear. 

T r a n s l a t i o n  by J .  V a n i e r ,  
N a t i o n a l  Advisory Committee 
f o r  A e r o n a u t i c s .  
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Tigure 4. -Tes t  data: buckling m P 

Figure 5.- Test data: erne 
as i n  3‘i-e 4, 

except tha t  b/a  = 192 ( b =  
15 cm, a = 30 cm) 

( i n  10-3 imn) versus 
load P (kg), recorded i n  center of 
C.2 mm gags square dural p l a t e  
(a=  b =  15 cm) by loading and u- 
loading. P and -3;..rf ( theoret ical  
c r i t i c a l  1oad)arc t.he r e s u l t m t  
loads f a l l i n g  i n t o  YIv; p la t e  diag- 
onals. The dot- G_a.shed l i n e  shows 
the anticipated curve mder  idea l  
t e s t  conditions. 

Figme 4, except that 
b/a= 1/3 ( b =  15 cm, a =  43 cm) 
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F i G r e  8.- Test data: contour l ines o f  buckling surface of a ‘2.3 
m gage square t u r d  p la t e  a t  P =  50 kg (= 3.2 Srf) 

-- a= 2b--1 30 cm---- t. 
Figure 5.- Test data: contour ~ a p  o f  a 0.2 rn? gage dxral p l a t e  

buckling versus P =  2 kg) 
(%/a= 1/2) by P =  42 kg (= 8.47 (Discrepancy o f  

J 

Figme 10. - Test data: contour ma-- of a 0.2 mn gage dural p l a t e  
(%/a= 1/3)by P =  30 kg. ( =  4.67 Plcrf) 
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Fig. 11 

1GO 200 300 400 500 600 700 kg 
P 

Figure 11.- Test data; buckling w versus load P (resultant load 

rugated sheet ( side = 90 cm sectionrcorrJgation heigth / cor- 
rugation lengt'n / sheet thickness ( in mfl) = 9.15/ 30, O/ 0 . 3 )  
by multiple loading. (ec,f a-ici ) Z:zote +he theoretical 
critical load by simple support and rigid plate edge restraint. 

in diagonal direction), recorded on a square c w -  
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